Limiting behaviour of the Ricci flow 
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Abstract 



We will consider a r-flow, given by the equation -^gij — —2R 



^gij on a closed manifold M, for all times t G [0, oo). We will prove that 
if the curvature operator and the diameter of (M,g{t)) are uniformly 
bounded along the flow, then we have a sequential convergence of the 
flow toward the solitons. 

1 Introduction 

The studies of singularities and the limiting behaviours of solutions of various 
geometric partial differential equations have been important in geometric 
analysis. One of these important geometric equations is so called Ricci flow 
equation, itroduced by Richard Hamilton in It is the equation ^gij{t) = 
—2Rij, for a Riemannian metric gij{t). The short time existence of this 
equation was proved by Hamilton in |S] and somewhat later the proof was 
significantly simplified by DeTurck in [1]. Hamilton showed that the Ricci 
flow preserves the positivity of the Ricci tensor in dimension three and of 
the curvature operator in all dimensions. This observation helped him to 
prove the convergence results in dimensions three and four, towards metrics 
of constant positive curvatures (in the case of positive Ricci curvature and 
positive curvature operator respectively). 

Besides the short time existence we can also study a long time existence 
of the Ricci flow. There is a well known Hamilton's result. 
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Theorem 1 (Hamilton). For any smooth initial metric on a compact man- 
ifold there exists a maximal time T on which there is a unique smooth solu- 
tion to the ricci flow for < t < T . Either T = oo or else the curvature is 
unbounded as t ^ T. 

One can ask what happens to a solution if it exists for all times and under 
which conditions it will converge to a metric that will have nice properties. 
In the case of dimension three with positive Ricci curvature and dimension 
four with positive curvature operator we know that a solution converges 
to an Einstein metric. In general, we can not expect to get an Einstein 
metric in the limit. We can expect to get a solution to an evolution equation 
which moves under a one-parameter subgroup of the symmetry group of the 
equation. These kinds of solutions are called solitons. 

Our goal in this paper is to prove the following theorem. 

Theorem 2 (Main Theorem). Consider the flow 

^ = -2i?., + '-9^, (1) 

on a compact manifold M, where r > is fixed, \Rm\ < C and diam{M , g(t) < 
C yt £ [0, oo). Then for every sequence of times ^ oo there exists a sub- 
sequence, so that g{ti + 1) ^ h(t) and h[t) is a Ricci soliton. 

The organization of the paper is as follows. In section 3 we will prove 
some properties of fi{g,T) that has been introduced by Perelman in jlUj . 
They will be useful in the later sections of the paper. In section 3 we will 
prove Theorem 12 

Acknowledgements: The author would like to thank her advisor Gang 
Tian for bringing this problem to her attention and for constant help and 
support. 
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2 Preliminaries 

Perelman's functional W and its properties will play an important role in 
the proof of Theorem |2 M will always denote a compact manifold, and 
{gij)t = —'^Rij + ^dij will be a flow that we will be considering throughout 
the whole paper. Perelman's functional W has been introduced in |lUj . 



W is invariant under simultaneous scaling of r and g. Perelman showed 
that the Ricci flow can be viewed as a gradient flow of functional W. Let 
niQjT) = miW{g, f,T) over smooth / satisfying ©. It has been showed by 
Perelman that there always exists a smooth minimizer on a closed manifold 
M, that r) is negative for small r > and that it tends to zero as r — > 0. 
One of the most important properties of W is the monotonicity formula. 

Theorems (Perelman). = fj^2T\Rij+ViVjf-^gij\'^{4TrT)-^e-fdV> 
and therefore W is increasing along the Ricci flow. 

One of the very important applications of the monotonicity formula is 
noncollapsing theorem for the Ricci flow that has been proved by Perelman 
in [in]. 

Definition 4. Let gij{t) be a smooth solution to the Ricci flow {gij)t = 
—2Rij(t) on [0, T). We say that gij{t) is loacally collapsing at T, if there is a 
sequence of times t^ ^ T and a sequence of metric balls B/^ = B{pk^rk) 
at times t^, such that ^ is bounded, \Bjn\{gij{tk)) < r^^ in and 



Theorem 5. If M is closed and T < oo, then gij{t) is not locally collapsing 




We will consider this functional restricted to / satisfying 




(2) 



r-"Vol(Sfc) ^ 0. 



at T. 
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3 Sequential convergence of a r-flow 



Definition 6. T-flow is given by the equation 



d 



(3) 




2Rij H — gij 



for r > 0. 



We want to prove the Theorem [2l in this section. 

3.1 Convergence toward the solutions of the Ricci flow 

In order to prove Theorem|51we will first show that it is reasonable to expect 
a convergence toward a smooth manifold, i.e. that a limit manifold will not 
collapse. 

Claim 7. Consider the flow as above. For every fixed r > there exists a 
constant C such that Volg(^)(M) > C for every t, i.e. we have a uniform 
lower hound on the volumes. 

Proof. Assume that the claim is not true, i.e. that there exists a sequence 
ti s.t. Volg(^.)(M) ^ as i — > oo. Let g[s) = c{s)g{t[s)) be unnormalized 
flow, for s G [0,r), where: 



Find Sj, such that t(sj) = ti. We get that Si = t(1 — e ^ ). ^ • — > r as z — > oo. 
Let 



= -rln(l-- 



r 



c{s) = 1 - -. 




Mx[0,Sj] 



max \Rm\{g{s)) = Qi 
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(4) 
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and assume that the maximum is achieved at pi. By the corollary of Perel- 
man's noncollapsing theorem we have that: 

for r < C and t £ [0, Sj). Choose r = C and t = si. 

(v^)"Voig(,^)i?(Pi,c./^) > {c^rci = C. 

V 



Since \o\g{^s--^B{pi,r) = c{si)^\o\g(^t^-^B{pi,f), where f might be a different 

c 

c{si) 



radius as a matter of scaling and since Qi < -f-v (because the curvature of 



g{t) is uniformly bounded), we get that: 

Vol,(t,)(M) >C/C7, 

where C and C do not depend on i. Let i ^ oo in the previous inequality to 
get a contradiction. Therefore we have a uniform lower bound on volumes. 

□ 

Remark 8. The assumptions of the Theorem\^ and the result of Claim^ 
imply the uniform bounds on the curvature tensors, uniform upper bound on 
the diameters and uniform lower bounds on the volumes. Similarly like in 
the case of unnormalized flow, uniform bounds on the curvatures gives us 
uniform bounds on all covariant derivatives, so by Hamilton's compactness 
theorem, for every sequence ti oo as i ^ oo, there exists a subsequence 
(call it again ti), such that (M, g{ti + t)) converges to {M,h{t)), in the sense 
that there exist diffeomorphisms : M ^ M , so that (j)*g{ti + t) converge 
uniformly together with their covariant derivatives to metrics h{t) on com- 
pact subsets of M X [0, oo). Moreover, h{t) is a solution of a r-fiow as well. 

3.2 Continuity of the minimizers for W 

We will recall a definition of Perelman's functional W = (47rr)~ 2 J^^ e"-^ [t{R+ 
\V f\'^)+f—n]dV . The constraint on / for this functional is (*) {4ttt)~2 J e~^dV 
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1. Let fi{g,T) = infW((7, /, r) under the constraint (*). This infinimum has 
been achieved by some smooth minimizer /. Perelman has also proved that 
for a fixed metric g, lim^^o fJ-id, t) = and fi{g, r) < for a small value of 
r > 0. 

In the case of a r-flow g{t), r > is being fixed in time, and by the 
monotonicity formula for W we have that fi{g{t),T) is increasing along the 
flow. Therefore, there exists liuit^oo fJ'{g{t),T). 

Claim 9. limj^oo ^(^(i); ''") is finite. 

Proof. Assume that limf_>oo ^(5(0 1 ''") = Then, Vi, 3tj s.t. fi{g{ti),T) > i. 
There exists a subsequence (call it ti) such that {M,gi) converges to {M,h), 
for some metric h. Prom the first part of Lemma ITUl we get that fj,{g{ti),T) < 
IJ,{h, t) + e, for i big enough. Letting z — > 00 we get a contradiction. □ 

Lemma 10. // {M,gi) tend to {M,h) when i — > 00, where gi = g{ti) and 
ti / 00, then limi^ooKai,'^) = f^{h,T). 

Proof. 

fi{h,T)= [ {r{\Vf\'' + R{h))+f-n){47rT)-'ldVh. 

Since <j3*gi 00 uniformly with their covariant derivatives, if e > is fixed, 
there exists some big iq, so that for i > io 

f^{h,T)> [ (r(|V/|2 + i?(gl)) + /-n)(47rT)-tdy,- -1, 
Jm ^ 

where g^ = (p*gi- Change the variables in the above integral by diffeomor- 

phism (pi. 

Kh,r)> [ {T{\Vifi\^ + R{g^)) + f,-n){47^T)-^dVg^-^, 

where fi = (j)*f. Perturb a little bit fi to get /j, by a quantity that tends to 
zero, so that Jj^^^ e~-f^{4:TTT)~2 dVg^ = 1. Since our geometries are uniformly 
bounded, for big enough io we will have 

r) > W{gi, fi,T) - e> i^{gi,T) - e. (5) 
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Let Ui = e 2 . We have seen that minimizing fi{gi,T) by fi is equivalent to 
minimizing the following expression in uf. 

/ T{4\ViUi\'^ + Riuj) - 2ui Inui - nu}){'i-nT)~^ dVg^. 
J M 

The minimizer Ui has to satisfy the following elliptic differential equation 

T(-4AjUj + RiUi) - 2ui\nui - nui = fii^rUi- (6) 

fj,i^r is uniformly bounded, since there is a finite limt^oo ^(^(O) ''")■ Now we 
can easily get: 

/ uf{iTTT)-'^dVi, < C, (7) 
Jm 

T [ IVmW^TTTy'^dVi < C, (8) 

Jm 

i.e. Ui G W^''^ with 

||^i|lvKi'2 < C Vi. 

Prom @, by standard regularity theory of partial differential equations and 
Sobolev embedding theorems, we get that Ui G with uniformly bounded 
W^'^ norms, where p < -i^^^ and therefore with uniformly bounded C^'" 
norms, i.e. | [zi^l |(^2,cv < C. Furthermore, 

/x(gi,r) = / {T{A\ViUi\^ + RiU^i) - 2uj\nui - nul){A7rT)~^ dVi 
Jm 

= [ T{\Vui\'^4 + RiUi^)-2uilnui-nui^){ATTT)-^dVg-^, (9) 
Jm 

where Ui = (l)*Ui. (j)*gi is close to h and therefore for i big enough, 0j is 
almost an isometry, so Dj<pY^ can be uniformly bounded in terms of bounds 
on Qi and h, gi can be bounded in terms of h. We cover M with finitely 
many geodesic balls of fixed radius p ( we can do it since we have a uniform 
bound on the injectivity radii from below). We use local coordinates in each 
of the balls to get: 
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iWip = g{\DjUi){DkUi){4>i')D,4>r^Dk(l)-\ 

Now we can easily conclude that we have a uniform bound on |Vnjp. Since 
the integrand in @ is uniformly bounded in i, and since gi uniformly con- 
verge with their covariant derivatives to h, we have that for i large enough 

Kgi,T)> / {ri^VhUif + Rhu'f)-2u,lnui-nu'f){4TrTy'^dVh-e. 
Jm 

Since U = Jj^j uf{ATTT)~~^ dVh is close to 1 when i — > oo, taking Ui = and 
using all the uniform bounds that we have got by now 

K9i,T) > }V{h, Ui,T) - e > n{h, r) - e. 

By the previous inequality (for i big enough) and by © we get limj_^oo fJ-iOi, t) = 

^l{h,T). □ 

Following the notation from the previous lemma, by Arzela-Ascoli the- 
orem there exists a subsequence, Ui, so that it converges in C^'" norm to 
some function u. We can also get the higher order uniform estimates on Ui 
in a similar manner as in Lemma [TUl Therefore, to show that a sequence 
of minimizers for ^{gi,T) converges to a minimizer of fj,{h,T) it is enough to 
show the following lemma. 

Lemma 11. 3C > so that n,, > C > Vi and Vx G M 

Proof. Assume that there exists a sequence Ui and pi £ M, such that 
< Ui{pi) < Yi- is compact and therefore there is a subsequence, {pi} 
converging to p € M when i — > oo. C^'" norms of Ui are uniformly bounded 
in i and therefore Ui{p) < Ui{pi) + Cdistg. — > as i ^ oo. Let u 
be a limit of {ui} in C^'" norm. Then u{p) = 0. Take a geodesic ball 
B{p,r). Let / G Cq°{M) be a C°° function of r alone, compactly supported 
in B{p,r)\{p}. 

{T{VuiVf + RiUif) - 2uiflnui - nmf - fi{gi,T)uif)dVi = 0. 
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For this /, letting i ^ oo, using the result of the previous lemma and the 
fact that the integrand in the previous integral is uniformly bounded in i we 
get 



Proceeding in the same manner as in m we can get that n = in some small 
ball around p. Using the connectedness argument, u = in M. On the other 
hand J^j uf {A'irT)~ 2 dVi = 1 and letting i ^ 00 we get a contradiction. □ 

If we write down the equations © for all {ui}, letting z — > 00, keeping 
in mind the previous lemma we get 



i.e. u is the minimizer for fi{h,T). 

So far we have proved the following theorem 

Theorem 12. // {M,gi) —>■ {M,h) as i 00, then for a given r > 0, 
if fi{gi,T) = W{gi,fi,T), then fi ^ f in C^-" norm, where fi{h,T) = 



3.3 Further estimates on the minimizers 

In this subsection we want to use the minimizers ft for W at different times to 
construct the functions ftis) for s £ [0,t]. By using the parabolic regularity 
we will be able to get the uniform estimates on C^''^ norms of ft{s). This will 
enable us to take a limit of this functions along the sequences. This limits 
are the functions that will turn out to be the potential functions that come 
into the equations describing the soliton type solutions arising in a limit. 

For any t we can find ft such that W{g{t), ft,T) = fj,{g{t),T). If we flow 
ft backward, we will get functions ft{s) that satisfy 




r(— 4An + R[h))u — 2ulnu — nu = fi{h, t)u, 



y^{hj,T). 



dft{s) 



R[s)-Mt{s) + \Vft{s)\^ + - 



ds 



ft{t) 



ft. 
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We know that minimizing W in / is equivalent to minimizing the corre- 
sponding fu 

for ut{s) is 



sponding functional in u, where ut = e 2 . Let ut{s) = Ut{s). The equation 



= -Aut + {-— + R{s))utis), 
as It 

Ut{t) = Ut. 

By the monotonicity of W along the flow we have that 

Ms),t) < W{g{s),Ms),T) < W{g{t),ft,T) = Mt),T). 

First of all, there exists limt^oo ''")• It is finite, since for every sequence 

ti ^ 00 there exists a subsequence such that g{ti) /i(0) and by LemmaEH 
from the previous section, we have that fi{g{ti),T) — > fi{h{0),T). 

Instead of functional W{g{s), ft{s),T) we can consider the equivalent 
functional which depends on ut{s) = e~^^'^^^l'^ . 



y^iut{s)) = / [T(4|Vtit(s)|2+i?tii(s)2)-tij(s)2logtit(s)2-ntit(s)2](4^r)-"/2(iy, 
JM 

(10) 

where ut satisfy 

r(-4Aut + Rut) - 2utlnut - nut = fiig{t),T)ut, 

since ft is a minimizer for W. Since fi{g{t),T) is uniformly bounded, as in 
the previous section we can get that C^'" norms of ut are uniformly bounded. 
This implies that C^'" norms of ut are uniformly bounded. Before we proceed 
with further discussion notice the following. 

Remark 13. /^,^(47rr)-te--^*(')dVg(,) = 1. This is a simple consequence of 
the fact that J^^(47rT)^ 2'e~-^'(iV^(^) = 1, since ft is a minimizer for W with 
respect to g{t), and the following backward parabolic equation 

±ft{s) = -Aft{s) + \Vft{sr - R + ^. 
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Namely, 



IM 

Since log is a concave function and ut{s)'^{A'KT)~^^'^dV is a probability 
measure, we have by Jensen and Sobolev inequalities 

< !i^log / ^ii(s)2"/("-2)(47rT)-"/2rfy 
2 Jm 

< Ii^log[c/ (|V7ii(s)|2 + n,(s)2)dy]("-2)/" + 
^ Jm 

+ !i^log(4vrr)-"/2 



n 



logC / T(|V^2t(s)|2 + nt(s)2)(4^r)-"/2ciy. 



This inequality shows that 

|Vnt(s)|2(47rr)-"/2^y < C. (11) 



'M 

The constant C does not depend either on t or s G [0, t]. To conclude, we 
have the following estimates 

nt(s)|2(47rr)-tdK < Ci 

M 



T(4^r)-t /" |V,^it(s)pdV; < C2, 
Jm 



that is we have that Ittjlvvi 2 ^ C for a uniform constant C. 

Take a sequence tj 00. There exists a subsequence such that g{ti+t) 
h{t) when i — > 00, where h{t) is a Ricci flow on M. This follows from 
Hamilton's compactness theorem Fix ^ > 0. ft will be a minimizer for 

W with respect to g{t), which we flow backward, for every t. Let s G [0,^]. 
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Lemma 14. For every A > there exists 5 = 6{A) > such that ut+A{t + 
s) > (5 > for all t and all s G [0, A] . 

Proof. Assume that the statement of the lemma is not true. In that case 
there would exist a sequence Si such that minjvf u^.+aCsi + ai) — > as i ^ oo, 
for some Oj G [0,^]. Consider the equation 

d n 

— Us^+A{Si+t) = -AUs^+A{Si + t) + {R- —)Us^+A{Si+t), 
Us^+AiSi + A) = Us^+A, 

for t E [0,^]. Let Ui{si + t) = miiiM Us^+Aisi + t). Then Ausi+A{si + t) >0 
and 

—Ui{si + t) < Cui{si + t), 
dt 

where C is a uniform constant. If we integrate it with respect to t, we get 

Ui{si + A) < e^^Ui{si + t). 

Since 'Ui{si + A) = minjvf Us^+a and since by Lemma ITTI we know that there 
exists a constant 6 such that Ug.^A > 5 > 0, we have that Usi+A{si + t) > 
6{A) > for all i and all t £ [0,^]. This contradicts our assumption that 
Ui{si + Oj) — > as i — > oo. □ 

Lemma 15. For every A > there exists C{A) such that 

1. !^,ut[sfdVgi,)<C[A). 

2- !,,\Vut{s)\^dVg^,)<C{A), 
for allt> A, s e[t- A, t] . 

Proof. We will consider the equation 

d n 
— ^if(s) = -Aut{s) + {R- —)ut{s) 
ds It 

Ut{t) = Ut, 



12 



where ut = e ^* and ft is a minimizer for W with respect to metric g{t). Let 
ut{s) = uiax-MUtis)- Then 

^ut{s) > -Cutis), 
as 

where C > is a uniform constant that does not depend either on s or t, but 
on the uniform bounds on geometries g{t). If we integrate it with respect to 
s we get 

Ut = ut{t) > e-^^ut{s), 

for any s £ [t — A,t]. On the other hand, wc have ahcady proved in the 
previous section that C^'" norms of Uf are uniformly bounded in t € [0, oo). 
Therefore we get that < ut{s) < C{A) on M for all t € cx)) and all 
s E [t — A,t\. Now we immediately get part 1 of our claim. For part 2 notice 
that 

/ \Vut{s)\^dVg(^s) = 4 / utis)\Vutis)\^dVg(^,) < C(^), 
Jm J m 

since jj^ \ Vut{s)\^ is uniformly bounded for alH > ^ and s E \t — A,t\. □ 

The previous two lemmas tell us that in order to find the uniform esti- 
mates on fti+A{ti + s) for s G [0,^], it is enough to find the uniform C*^'" 
estimates on ut^+A{ti + s). Our main goal in this section is to prove the 
following theorem. 

Theorem 16. Under the assumptions of the main theorem, with the nota- 
tions as above, for every ^ > there exists a uniform constant C , depending 
on A such that \ut{s)\(j2,a < C for all t > A, \/s £ [t — A,t]. 

Proof. Consider the equation 

d Ti 
— = -Autis) + {R{s) - —)ut{s), 

for t G [A,oo) and s € [t — A,t]. All our further estimates will depend on 
A. We will use C to denote different absolute constants that depend on A 
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and the uniform bounds on our geometries g(t). Denote hy h = ht{s) = 
+ R{s))ut{s). Omit the subscript t. 

d 

—u + Au = n. 

as 

[ h'= [ + 2 [ ^uAu+ [ (An)2, (12) 

where we should keep in mind that the metric depends on s. 
d . f , d 



uAu = - / g'^Vi{—u)VjudVs (13) 
M ds J^f ds 

= -~ [ Nnl'dVs- [ \Vn\\^-R)dVs + 
2 ds Jm Jm 2r 

+ / gP'g''W,uDjui2Rpg-^gp,)dVs, 

where the second term on the right hand side of (|13() comes from taking the 
derivative of the volume element and the third term appears from taking the 
derivative of g^^ . Denote the former one by Ji and the latter one by J2 . 



{Auf = [ g'W.DjUg^^DkDiu 
M Jm 



g'^g'^'DjuDiDkDiu 

g'ig'''DjuDkDiDiu+ [ g'^ g'^' D,uR[k,D,i 
Jm 



M 

1+ [ g'^g'^^DkDjuDiDiu 
Jm 

1+ I iV^nP, 



IM 

where / = j g"^^ g^^ D juR\f,gD gU. Let I ^ {t — A,t) where ^ > 0. Integrating 
the equation (fT^ in s, from / to t gives 

/( / {^ufdVs)ds+ [ \Vu\^dVs\s=i+ [ [ \V^u\^dVsds 
Ji Jm ds Jm Ji Jm 

= I [ I \Vu\^dVs\s=t+ I (2J1 + 2J2 + /). 

Ji Jm Jm Ji 
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r 



Ji < AC sup [ \Vu\'^dVs < C, 



n se(t-A,t) Jm 

for every t. Similarly we get estimates for J2 and I. From all these estimates 
we can conclude the following 

r / {^ut{s)fdVsds<C. (14) 

Jt-AJM "•S 

/ / \V^ut{s)\^dVsds < C. (15) 

sup / \Vu\'^dVs < C, (16) 

where C = C{A). Let ut = ■^ut{s) (we will not confuse this ut with one 
defined at the beginning of this section). Omit the subscript t. 

d ~ d n ^ , 

-u = -D,A,u+-[{R--)u]. 

Multiply the equation by u and integrate it along M. 

2dsjMds ' jMds^^^' ^ ^ jMds^ 2t" 2 7^ 2r^'ds ' 

= 2/ (-R^^ + Lg )gPi(^s)giJ(^s)DiDjUU- f gis)'^ DiD u)u + 
Jm ^'^ Jm ds 

+ / 4iR-^))uu+ I 9^\^T%)pLu+]- f {R-^)\U'dVs 
Jm ds^ 2t" Jm ^dt dxk 2Jm^ 2t'Us ' 

Since Jj^ g{sy^ DiDj-^uu = — Jj^ since we are on the Ricci 

flow, metrics g{s) are uniformly bounded, after applying Cauchy-Schwartz 
inequality and using the uniform boundedness of the curvature operator, we 
get 

rt r r ^ 



I I W{^u)\^dVsds+ sup / ,^ 
Jt-A Jm as sG{t-A,t) Jm 

^ <^ / / \^u\^dVsds + C f f |V 

Jt-AJM ds Jt-AJM 

+ [ \^ufdVs\s=t + C [ \Vu\^ 
Jm Jm 
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Im \is^is)\'dVs\s=t < C{J^, |Ani|2 + /,, hitf) where h{s) = - R{s))u{s) . 
Since ut = e~^*, where ft are the minimizers for W, hke in the previous 
section we can conclude that Ut G W^'"^, with uniform bounds on W^'^ norms 
(these bounds depend on k) and therefore, \-§^u{s)dVs\s=t are uniformly 
bounded in t. This estimate together with estimates p4p and p5|) gives that 

r I \^{^u)\'^dVsds<C. (17) 
Jt-A Jm ds 

d 



sG{t-A,i) Jm ds 



sup / |-^n|2<C. (18) 



If n = and h = then: 



—u = —DgAu + /i. 
ds 



DsAu = ^igisfD^Dju) = g{syPg{sy''{-gpg - 2Rp,)D,D,u + gisfWiDju 
as T 



+ g{sf±{Tf^)DkU. 



H = h-g'Pg^%^gpg-2Rpg)DiDju-g{sr-^^{r^j)DkU (19) 



d ~ ^~ 
= —u + Au. 
ds 

All the estimates that we have got so far tell that //_^ Jjyj is uniformly 
bounded in t. The analogous estimates to the estimates (|14p . ((T3|) and (fT^ 
for u, we can get for (by using tliG evolution ec[ua;tion for ^ u and all 
the estimates that we have got so far by analyzing the evolution equation 
for u). 

I I {\y\^u)fdVsds<C. (20) 
Jt-A Jm ds 



t r a2 

\ ufdV.ds < C. (21) 

t-AJM 



ds"^ 
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sup / \V{-^u)fdVs<C. (22) 

To obtain these estimates we have used the fact that 

r \y^u\^dVg^ \^=t<C{! IVAutf+f MR-^)^^, 
Jm Jm Jm 

where the right hand side is uniformly bounded in t, since ut = e~f* and ft 
are the minimizers for W. 

By standard regularity theory, considering Aut{s) = —j^Ut{s) + ht{s) 
as an elliptic equation whose right hand side has uniformly bounded W^'^ 
norms for s G {t — A,t) and all t > A, we have that |ut(s)|vt^3,2 < C, for 
a uniform constant C that depends on A. Take a derivative in s of the 
equation = —An + H, with n = ^n. Denote by u = -j^u. By using the 
estimates that we have got for n it is easy to conclude that n satisfies the 
equation 

^n = -An + ill, 
as 

where = ^/f+5Vn-2i?p,+^)A£',-^+5(s)'^s(rf,)^ik^ and //_^ HfdVg^.^ds 
is uniformly bounded in t. As in the case of the previous estimates we can 
conclude that 

sup / \—ufdVs < C, 
se{t-A,t)JM 

sup / \V{-^u)fdVs < C. 

se{t-A,t) Jm ds 

By regularity theory applied to the equation An = —-^u+H, we can get that 
^nt(s) has uniformly bounded W^'"^ norms. If we go back to the parabolic 
equation for ut{s) we can get that |nf (s)|(;^/5,2 < C for all t > ^ and all 
s G (t — A,t). Continuing this process by taking more and more derivatives 
in t of our original parabolic equation we can conclude that W^''^ norms of 
Ut{s) arc uniformly bounded for every p, by the constants that depend on A 
and p. Sobolev embedding theorem now gives that all C^'" norms of ut{s) 
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are uniformly bounded for all t > A and all s G [t — A,t], by constants that 



Combining Theorem and Lemma 1141 we get that for every A there 
exist constants = C{k,A) such that \ft{s)\Qk,a < Ck, for all t > A and 
all s£[t- A,t]. 

3.4 Ricci soliton in the limit 

In this subsection we want to finish the proof of Theorem |21 

We have uniform curvature and diameter bounds for our flow g{t). We 
have already proved that we also have a volume noncollapsing condition 
along the flow, for all times t >0. This gives a uniform lower bound on the 
injectivity radii. Hamilton's compactness theorem (modified to the case of 
our flow) gives that for every sequence — > oo there exists a subsequence so 
that g{ti + t) ^ h{t) uniformly on compact subsets of M x [0, oo) and that 
h{t) is a solution to the Ricci flow (^. We will show below that for each t, 
h{t) satisfies actually a Ricci soliton equation with the Hessian of function 
fh{t) involved, where /^(i) is a smooth one parameter family of functions. 
We will now see how we get the functions fh{t), using the estimates on ft{s) 
from the previous subsection and Perelman's monotonicity formula. 

Take any t and let ft be a function so that fi{g{t),T) = W{g{t), ft,T). 
Flow ft backward. Fix ^ > 0. Then: 



Iit)=W{git+A),ft+A,r)-W{git)Jt+Ait),T) < Mt+A),r)-fi{git),T) 



as t — > oo. We will consider ut^+AiU + s) where s £ [0,A]. We will divide 
the proof of the theorem in a few steps. 



Step 16.1. > 0, lim^^oo iiW{g{s + ti)Jt,+A{s + ti),^) = for almost 
all s G [0, A]. 



depend on A and k. 



□ 




—W{g{t + s), ft+A{t + s),T)ds ^ 0, 
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Proof. I{ti) ^ by Claim |UJ On the other hand 

I{ti) = W{g{U+A), ft^+A,r)-W{g{ti), ft^+A{ti),T) = A-W{g{ti+s)Ju+A{U+s),T)ds. 

Since by Perelman's monotonicity formula ■^W{g{ti + s), ft-+A{ti + s), r) > 
0, we have that liuii^oo -^W{g{ti + s),fti+{ti + s),t) = for almost all 
s G [0, A], for 



Step 16.2. \ut{s)\c'i,a < C, Vt, where ut{s) = -^ut{s). 

Proof. Following the notation of the previous subsection, we get that: 

^utis) = -Aut{s) + Ht{s), 
as 

where Ht{s) = £ht{s) + g'^g^^i^gpg - 2Rp,)DiD,u + g'^ £{T'y^)DkU. 

d Ti 
utit) = -^ut{s) = -Aut + (-— + R)ut. 

In the previous subsection we have proved that there exist a uniform lower 
and an upper bound on ut{s) and that \ut{s)\-[y3,p < C{p,A) for all t > A 
and all s £ [t — A,t]. Similarly we can get that \ut{s)\yyk,p < C{k,p,A) and 
therefore \ut{s)\i^k~2,p < C{k,p,A), \/t > A and all s G [t — A,t]. We can get 
that \ut{s)\c2,a < C, for all t > A and Vs G [t — A, t]. We can extend this to 
all higher order time derivatives of ut{s). □ 

Step 16.3. For every A > there exists a subsequence ti, so that the limit 
metric h{s) of a sequence g{ti + s) is a Ricci soliton for s G [0, A]. 

Proof. By step 116.11 we have that 

lim RjkiU + s) + VjVkfti+A{U + s) - -^gjkiU + s) = 0, 




by Fatuous lemma. 



□ 



I— >oo 
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for almost all s G [0, ^1] and almost all x S M, since 

d /* 1 

■^W{g{ti+s), ft^+A{ti+s),T) = (4^r)-t j ^ 2T\Rjk+y jfu+A^ kfu+A-i^gjk?dVg(^t,+,y 

By Lemma PPII and Theorem 1161 we have that < Ci < \ut^+A{s + ti)\ ^ C2 
for all i > io and all s £ [0,^], for some constants Ci and C2 that depend 
on A. By step 116.^ and Theorem^] we can find a subsequence, say {ij} 
such that ft^+A{ti + s) converges in C^'"^ norm to /a(s) for all s G [0, A] 
and all X G M. More precisely, for a countable dense subset {sj} of [0,A] 
there exists a subsequence so that ft^+A{ti + Sj) converges in C^'" norm 
to fA{sj) on M. For any s G [0, A] there exists a subsequence tj^. so that 
fti^+AiUk + converges to /^(s) in C^'" norm. We want to show that 
actually + /^(s). For that we use the fact that ^/t.+A(ij + s) 

is uniformly bounded in C^'" norm, and therefore 

lUis) - /a(so)Ic2.'^ < e> 

for some small e > and some sq G {sj} that is sufficiently close to s. We 
also have 

I /a (so) - fu+AiU + so)|c2.- < e, 

for i > io and 

+ s) - fu+A{ti + so)lc2.- < e, 

since |^/t-_|_A(ti + s)|c2.« < C{A), for all i > io and all s G [0, A]. By triangle 
inequality, we now get that for every e > there exists zq so that 

1/4(5) - fu+A{ti + s)|c2,- < 3e, 

for all i > io and all s G [0, A]. 

fti+A^ti + s) converges in C^'" norm on M to /a(s), for all s G [0,^]. 
Finally, we get that 

Rjk + ^j^kUis) - 7^/iifc(s) = 0, (23) 
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for all s G [0,^], and for almost all x G M. Because of the continuity it will 
hold for all x G M. Since h{s) is a Ricci flow, all covariant derivatives of h 
and the covariant derivatives of a curvature operator are uniformly bounded, 
and therefore |V*'/a(s)| < C(p), Vs G [0, A] and all p>2. Also we have that 
l5^V^'/4(s)| < C{p, k) where C(p, k) does not depend on A, for p>2. □ 

Step 16.4. Wc can glue all the functions that wc get for different values 
of A, to get a function fh{s) defined on M x [0, cxd), which defines our metric 
h{s) as a soliton type solution for all times s > 0. 

Proof. Take any increasing sequence Aj ^ oo. For every Aj, by the previ- 
ous step we can extract a subsequence U so that fti+Aj {U + «)—>■ /Aj (s) 
for all s G [0, ^j]. Diagonalization procedure gives a subsequence so that 
fti+Aj{s) — >■ fAj{s) for all j and all s G [0, ^j]. For this subsequence U 
we have that g{ti + h{t), uniformly on compact subsets of x[0, oo). 

Compare the functions and /a^. for j < k, on the interval [0, Aj]. We 
know that they both satisfy 

^h{s)fA. + R{h{s)) - 27 = 0' 

and therefore Af^(^g^{fAj — /a^) = 0- Since M is compact, this implies that 
fAkis) = fAj{s) + c^'°(s), for s G [0, Aj], where c^'°(s) is a constant function 
for every s G [0, Aj]. On the other hand, because of the integral normaliza- 
tion condition, we have 

(47rr)-t / e-f^i^'UVh^,) = 1, 
Jm 

(47rr)-t / e-^-.(^)dy,(,) = l = e-<'^'\47rr)-t / e-f^^^'Uv^^,), 
Jm Jm 

which implies that c^''(.s) = for all s G [0, Aj] and all k > j. Therefore 

fAj{s) = /Afc(s) for all s G [0, Aj]. Define a function in the following 
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way. Let fh{s) = fA^is), for all s G [0, ylj] and all Aj oo. fh{s) is a well 
defined function because of the previous discussion. We also have that 

R{h{s))pg + VpVJhis) - ^h{s)p, = 0, (24) 

holds for all s G [0, oo). The definition of fh{s) does not depend on a choice 
of an increasing sequence Aj . Namely, if Bj were another increasing sequence 
and if fh'{s) were functions defined using the sequences Bj and tj {ti is the 
same sequence as above), then at each time both functions fh{s) and fh'{s) 
would satisfy the same equation 1)241) and the same integral normalization 
condition. Therefore fh{s) = fh'{s) for all s G [0, oo). □ 

3.5 Some properties of the limit solitons 

Let ti be any sequence converging to infinity. Then as we have seen earlier, 
there exists a subsequence such that g{ti + s) ^ h{s), where h{s) is a Ricci 
soliton. Let R{h{t)) = min R{h{t)). We will first state a theorem that R. 
Hamilton proved in his paper |9|. 

Theorem 17 (Hamiton). Under the normalized Ricci flow, whenever R < 
0, it is increasing, whereas if ever R> it remains so forever. 

We will use the proof of Theorem El to prove the following lemma. 

Lemma 18. Under the assumptions of Theorem\^ R{h{t)) > 0, Vt, for the 
limit metric h{t) of any sequence of metrics g{ti), where g{t) is a solution of 

^gjk = -2Rjk{g{t)) + ^gjk{t). 

Proof. Assume that there exists to such that R{h{to)) < 0. Without loss of 
generality assume that to = 0. Since g{ti) h{0) as i ^ oo, there exists io, 
so that for all i > io R{g{ti)) < 0. The evolution equation for R is 

^R = AR + 2|Ric|2 + -R{R - —). 
dt n 2r 
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This implies 

d 2 - - n . 
—R > -R(R-—). 

dt ~ n ^ 2t' 

If < 0, then R is increasing (since ■^R> 0). If i? > at some time it can 
not go negative at later times. If there existed t > tj,, such that R{g{t)) > 0, 
then R> would remain so forever, for all s > t and therefore we could not 
have R{g{ti)) < for ti > t. That contradicts the fact that R{g(ti)) < for 
all i > iQ. Therefore Vt > we have that R{g{t)) < 0. 

dR 2^,^ n, ^ 
>_i?i?_ >0, 
dt n 2r 

for all t big enough. That implies R is increasing and therefore there ex- 
ists liiQt^ oo R-igit)) = —C < 0. Moreover R{h(s)) = —C for all s. Since 
limj^oo = ^(^(0)) < 0, C > 0. We also have that 



dRihis)) 2 - , , , , n A/, . 2 ^, n ^, 

The left hand side of the above inequality is zero and therefore we get that 
C = — ^ or C = 0. Since C > 0, we get a contradiction. Therefore 
R{h{t)) > for all t, what we wanted to prove. □ 

Remark 19. Let (M, g) be a compact manifold and g{t) be a Ricci flow on 
M. Since 

dt 

yV{g,f,T) = const along the flow, if g is a Ricci soliton satisfying the equa- 
tion 



-W = j^^ 2t\R,j + V,V,/ - ^gi.WATTTr^e-fdV, 



Rij + V,Vj/ - ^gij = 0. 

Let — ^ oo and Sj — > oo be two sequences such that g{ti + i) — ^ h(t) and 
g{si + h'{t) where h{t) and h'{t) are 2 Ricci solitons on M that have 
been constructed earlier. We have proved that 

Rjk{h) + VjVkfhit) - ^hjk = 0, 
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Rjkih') + VjVkfh'it) - ^h'^k = 0, 

where 

fh{t) = lim lim /A.+uiU +t), 
fh'it) = lim lim fs^+sA^i + 0' 

J— >ooi— >oo 

for some increasing sequences Aj — > oo and Bj — > oo. By Remark El we 
know that W{h{t), fh{t),T) = Ci and //^/(t), r) = C2 are constant 

along the flows h{t) and respectively. 

Lemma 20. Ci = C2, i.e. W{h{t), ffi{t),T) is a same constant for all 
solitons h[t) that arise as limits of sequences of metrics of our original flow 
g{t) ^\) on a compact manifold M . 

Proof. 

Wig{ti + t), fu+A, (^^ + t),T) - fs,+B, {Si),T) < 

< Wig{t, + AJ),ft^+A,{t^ + AJ),T)-W{gis^)JsM),r) = 

= ^i{g{t^ + Aj),T)-fi{g{si),T)^0, (25) 

where we have used the fact that }V{g{t), f{t),T) increases in t along the 
flow and the fact that /^^(si) = fsi is a minimizer for W{g{si), f, r) over 
all / belonging to a set {/ | Jjy^j{4:TTT)~ 2 e~-f dVg(^Si)} ■ Similarly, 

Wig{ti + t)Jt^+A,{ti + t),T)-W{g{si)Js,+B,{si),T) > 

> Wig{ti+t),ft^+t{ti+t),T)-Wig{s^ + Bj),fs,+B,{s^ + BJ),T) = 

= fi{g{ti+t),T)-fi{g{s^ + Bj),T)^0, (26) 
when 2 — > 00. From equations and ((^ . letting i ^ 00 we get 

W{h{t), fA, {t),T) - W{h'{0), f\ (0), r) < 0. 
W{h{t),fA^ (t), r) - W{h'{0),f\ (0), r) > 0. 
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Let _7 — ^ oo to get 



Ci = W{hit),h{t),r)=Wih'{0),h'{0),T)=C2. 

□ 

Lemma 21. For every Ricci soliton h{t) that arises as a limit of some se- 
quence of metrics of our original flow git), the corresponding function fh{t), 
that we have constructed before, is a minimizer for Perelman's functional W 
with respect to a metric hit). 

Proof. We will first proof the following claim. 

Claim 22. There exists a sequence tj ^ oo such that g{ti + t) ^ h{t) as 
i CO, where h{t) is a Ricci soliton satisfying Rjk{h) + V kfh~ ^hjk = 
and fh{t) is a minimizer for W{h{t),f,T). 

Proof of the Claim. Let H{t) = (47rr)-"/2 J^^ 2T\Rij + ViVjft - ^gij\^dt, 
where ft is a function such that fi{g{t),T) = W{g{t), ft,T). If we flow ft 
backward by the equation 

starting at time t, for every t > we get solutions ftis). Look at Ft{s) = 
Wig{s), ftis),T). We know that 



d f 1 

— i?t(s) = (47rT)-t 2T\Rjk + V,Vfe/t(s) - —g{s)jkfdVg^,y 

Ft{s) is a continuous function in s G [0, t] and limg^f 'ZS-^ti^) ~ ^(^)- There- 
fore there exists a left derivative of Ft{s) at point t and = H(^t) for 
every t > 0. Moreover, g{t) and all the derivatives of ft up to the second or- 
der are Lipshitz functions in t (this follows from the estimates in the previous 
subsections) and therefore 
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Mt):=M5(i),^)= mf„ W(5(t),/,r) 

{/I /M(4'rr)-7e-/ = l} 

is a Lipshitz function in t as well, i.e. k{t) = Ft{t) = W{g{t), ft,T) is 
a Lipshitz function in t. This tells that k{t) is differentiable in t, almost 
everywhere. Our discussion then implies that k'{t) = H{t) in a sense of 
distributions. 



I H{t)dt = lim / k'{t)dt 



= lim W{g{K)jK,r)-W{g{6)Js,T) 

K—fOO 

= hm {fi{g{K),r) - fi{g{6),T) < C, (27) 

where 6 > and C is some uniform constant. We have that H{t) < C. 
This implies that there exists a sequence tj — > oo such that H{ti) as 
i — > oo, i.e. 

lim {Rjk + VjVkfu - -^9jk){ti) = 0. 

I— >oo ZT 

By what we have proved before, after extracting a subsequence we can as- 
sume that g{ti) h{0) smoothly and /t. ^ / in C^'" norm, where by 
Theorem^] / is a minimizer for W with respect to metric h{0). Therefore, 

RjkiHO)) + VjVkf - ^hjkiO) = 0. (28) 

On the other hand g{ti + t) ^ h{t) as i ^ oo where h{t) is a Ricci soliton 
and 

Rjk{h{t)) + VjVkfhit) - ^h,k{t) = 0, (29) 

where fh{t) = Ymij^oo'^im.i^ao fu+AjiU + t), for some sequence Aj oo. 
From equations and (gH) we have that A{fh{0) - /) = 0, i.e. fh{0) = 
f + C for some constant C. We know that /^^(47rr)~ 2 e^'^dV/ij^o) = 1) 
since / is a minimizer. From the construction of fhit) it follows that 
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Jj^j{4:1tt)^^ e^^f^^^^ dVfi(^Q^ = 1 and therefore / = //i(0). Since there exists 
a finite Hmit, hmt_+oo /^(^(i), 'T"); we have that /x(/i(0),r) = /i(/i(t),r) for all 
t. This implies that 

fi{h{t),T) = /i(/i(0),r) = W(/i(0),/,r) 

= W{h{0), A(0), r) = W{h{t), fh{t),T), 

where we have used the fact that W is constant along a soliton. This means 
that fhit) is a minimizer for W with respect to a metric h{t), for every 
t > 0. □ 

To continue the proof of Lemma take any sequence Sj — > oo. By 
a sequential convergence of our original flow g{t) to Ricci solitons, after 
extracting a subsequence we may assume that g{si + t) ^ h'{t) as i — > oo 
where h'{t) is a Ricci soliton. Take a soliton h[t) with the properties as in 
Claim EH From the convergence of fi{g{t),T) we know that ^{h'{t),T) = 
li{h{s),T) for all t and all s. 

fi{h'{t),T) = fi{h{s),T) = W{h{s), r). (30) 

By LemmaHniwe have that >V(/i(s), A(s), r) = W {h' (t) , fh' (t) , t) for ah s 
and t. Combining this with gives that fi{h'{t),T) = W{h'{t), fh'it),T), 
i.e. fh'it) is a minimizer for h'{t) for every t. □ 

One useful property of the sequential soliton limits of our flow is that 
all limit solitons are the solutions of the normalized flow equation 



d 2 

—hij = -2Rij + -r{h{t))hij, 



where r{h{t)) = ^ fj^j R{h{t))dVh(ty In the case of any of our soliton 
limits, we have that R{h{t)) + Afh{t)--^ = and therefore r = r{h{t)) = ^ 
for ah t > 0. 

Remark 23. Let — > oo and g{ti + t) ^ h{t), where h{t) is an Einstein 
metric with an Einstein constant If\o\h'{M) = Yolh{M), for any other 
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limit soliton h' , then h' is an Einstein metric with the same Einstein constant 



2t- 



Proof. The fact that h is Einstein metric impUes that ViVjfh = —2Rij + 
^hij = 0, that is Af^ = 0. Since M is compact, fh = C such that 
{ATTT)-''/'^e-^'Yolh{M) = 1. An easy computation shows that r) = 
W{h,C,T) = C - |, and therefore /i(/i',r) = /i(/i,r) = C - |. Then, 
(47rT)^"''^e~'~'VoU'(M) = 1, imphes that / = C is a minimizer for W with 
respect to h' as weh. This yields 



that is 



Prom 



T(2A/ - |V/p + R{h')) +f-„ = C-'-^, 



77 

AA' = --i?(/i') = 0, 



we get that fhi = C and therefore 

Rij{h')+ViVjh'-^h[^ = 0, 
yields = ^/i^. □ 

In the discussion that follows we will use Moser's weak maximum prin- 
ciple. We will state it below, for a reader's convenience. 

Lemma 24 (Moser's weak maximum principle). Let g = g{t), < 
t < T, be a smooth family of metrics, b a nonnegative constant and f a 
nonnegative function on M x [0, T) which satisfies the partial differential 
inequality 

on M X [0, T], where A refers to a Laplacian at time t. Then for any x G M, 

te[o,T), 
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\f{x,t)\<c^e''"'max{l,d'^){b + l + W-^e'^''\\fo\\L^, 

where c is a positive constant depending only on n and d = maxo<t<T diam(M, g 
H = maxo<f<T \/||Ric||cO; fo = f{-,0), V = mino<t<T Vol<;(j) (M) . 

The following remark will give us a condition that will imply obtaining 
the Einstein metrics in the limit. 

Remark 25. // g{t) is a solution to {gij)t = —'^Rij + ^9ij! for t G [0,cxd) 
such that 

1. A curvature operator and a diameter are uniformly hounded along the 
flow. 

£ < R{x, t) <^ for all xeM and all t E [0, oo). 

Then all the solitons that arise as limits of the subsequences of our flow g{t) 
are Einstein metrics with scalar curvatures R = -§p <ind Tij(t) converge to 
zero, uniformly on M as t ^ oo. Tij = Rij — ^gij is a traceless part of the 
Ricci curvature. 

Proof of the Remark. Notice that now we do not make an assumption that 
one of the metrics that we get in a limit is an Einstein metric. Look at the 
evolution equation for r(t) = voitV/) /m RdVt, 

^r{t) = T7T^(2 / 1^1' + (1 - -) I R{— -R)+ r{r - —). 
R < implies r{t) < ^ and therefore 

We have proved that in the case of flow g{t), a volume noncollapsing condi- 
tion holds for all times t>0.j^ ln(Volt(M)) = ^ - r and Ci < Volt(M) < 
C2 give that f^{^ — r{t))dt < cc. We can integrate the inequahty (|3T|) in 



29 



t £ [0,cxd). This, together with the uniform estimates on Volj(M) and r(t) 
give that 

/"CXJ 

\T\'^dVt < C. (32) 



'M 

Following the calculations in Hamilton's paper |6|, Rugang computed the 
evolution equation for T under a normalized Ricci flow (mj). In the case of 
flow we have 

-f-lTp = A|rp - 2|Vr|2 + 4Rm(r) ■T+-{R- — )|T|2. (33) 
at n 2r 

Since the curvature operators of g[t) are uniformly bounded, we derive from 
equation that 

— ITI < AITI +C\T\. 
at 

Applying Lemma [21] to this differential inequality and intervals [t — 1, t + 1] 
where t > 1, we derive 



\T\\x,t)<\\T\\\t)co^M)<C{[ \T\ 

JMt-i 



2\ 



where Mt = {M,g{t)). Integrate this inequality in t G [k, k+1], for all k > ko 
and sum up all the inequalities that we get this way. We get 

/ \\T\\'^dt < (/ \T\'^)dt 

roo /"OO /" 

/ \\Tfdt<C / \T\'^dVt-idt, (34) 

Jko Jko JaI 

where dVt-i is a volume form for metric g{t—l). fj^j |TpdT4-i < C J^j \T\'^dVt, 
because ^ In Volf = ^ — R and the curvatures of g{t) are uniformly bounded. 
The right hand side of inequality H34|l is bounded by a uniform constant, be- 
cause of the estimate (jSH). Therefore j^WTW^dVt < C. 

If there exists (p, to) such that |Tp(p, to) > then there is a small 
neighbourhood of {p, to) in Mx [0, oo), say Us{p, to) = Bp{5, to) x [to — (5, to+5] 
such that |Tp(x,t) > | for all {x,t) G U5{p,tQ). This follows from the fact 
that in the case of a Ricci flow, a bound |Rm| < C implies iD'^D'Rml < 
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C{k, I). Costant S does not depend on a point {p, to) e M x [0, oo), since all 
our bounds and estimates are uniform. 

If there existed e > and a sequence of points {pi,ti) G M x [0, oo), with 
ti ^ oo such that \T{pi,ti)\ > e then we would have that 11^11,^0 > | for 
all t e[ti- S,ti + S] and for all i. This would imply C > WTW^dVt > 
Yli^Q = This is impossible. Therefore, ||T'||,^o(a^j) — as t — oo. 

^ In (Volt) = ^ — R > for all t imply that there exists a finite 
limt_^(X) Volt for every x E M (otherwise we can argue as in the previous 
paragraph). If we integrate this equation in t G [0, oo), we will get that 
Io°i^ — R)dt < oo. As in the case for a traceless part of the Ricci curvature 
T, we can conclude that limt_>oo ^ = '§p uniformly on M. 

We can conclude that under the assumptions given at the beginning of 
this remark, for every sequence t j — oo we can find a subsequence such that 
g{ti + *)—>■ h{t), where h{t) is an Einstein soliton with scalar curvature 
We also know that Rij — ^g-y — ^ as t — > oo, uniformly on M and that 
there exists limt_>ooVolf. □ 

To conclude, we have proved a sequential convergence of a solution of a 
r-fiow towards solitons (generalizations of Einstein metrics), under uniform 
curvature and diameter assumptions. We still do not know whether we get a 
unique soliton (up to diffeomorphisms) in the limit or not. All observations 
in this subsection are in favour of the uniqueness of a soliton in the limit. 
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